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core–shell nanowire is addressed with taking into account the surface/interface stress effect. The com-
plex potential function method in combination with the conformal mapping function is applied to solve
the governing non-classical equations. The dislocation stress ﬁeld and the image force acting on the dis-
location are studied in detail and compared with those obtained within the classical theory of elasticity. It
is shown that near the free outer surface and the inner core–shell interface, the non-classical solution for
the stress ﬁeld considerably differs from the classical one, while this difference practically vanishes in the
bulk regions of the nanowire. It is also demonstrated that the surface with positive (negative) shear mod-
ulus applies an extra non-classical repelling (attracting) image force to the dislocation, which can change
the nature of the equilibrium positions depending on the system parameters. At the same time, the non-
classical solution fails when the dislocation approaches very close to the surface/interface with negative
shear modulus. The effects of the core–shell eccentricity and nanowire diameter on dislocation behavior
are discussed. It is shown that the non-classical surface/interface effect has a short-range character and
becomes more pronounced when the nanowire diameter is smaller than 20 nm.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The current great interest to nanowire heterostructures is orig-
inated from the pioneering works published in 2002 by three inde-
pendent research groups (Björk et al., 2002; Gudiksen et al., 2002;
Wu et al., 2002). The authors successfully fabricated semiconduc-
tor axially-inhomogeneous (segmented) nanowires InAs–InP
(Björk et al., 2002), GaAs–GaP (Gudiksen et al., 2002) and Si–SiGe
(Wu et al., 2002), and studied their structure and electronic prop-
erties. These publications have stimulated the appearance of many
works devoted to fabrication, characterization and application of
various nanowire heterostructures; see, for example, the reviews
by Lauhon et al. (2004), Mieszawska et al. (2007), Agarwal
(2008), Comini et al. (2009), Barth et al. (2010), Chopra (2010),
Fang et al. (2011), and Gao et al. (2011).
Among different types of nanowire heterostructures (axially-
inhomogeneous nanowires, radially-inhomogeneous nanowires,ll rights reserved.
ineering, Sharif University of
21 66164209; fax: +98 21sandwich-like nanowires, branched nanowires, etc.), the radially-
inhomogeneous core–shell nanowires attract much attention.
Due to the presence of the core–shell heterointerface, they have
speciﬁc electronic and optical characteristics rather different from
those of homogenous nanowires. As a result, they are considered as
potential blocks for many electronic and optoelectronic devices
such as light-emitting diodes (Qian et al., 2004; Hayden et al.,
2005), ﬁeld-effect transistors (Lauhon et al., 2002, 2004; Xiang
et al., 2006; Lu et al., 2008; Yan et al., 2011), lasers (Qian et al.,
2008) and solar cells (Law et al., 2006; Tian et al., 2007; Hochbaum
and Yang, 2010). However, the functional properties of core–shell
nanowires can strongly be damaged by the presence of crystal-
lattice defects. For example, Rigutti et al. (2010) examined the
micro-photoluminescence spectroscopy of AlN/GaN coaxial nano-
wires and observed that an evident linear defect in the core, which
was identiﬁed with a threading dislocation, strongly reduced the
photoluminescence emission of the nanowire. Such defects can
be caused by relaxation of misﬁt strains and/or by external loading.
Different mechanisms and conditions for misﬁt strain relaxa-
tion in core–shell nanowires have been considered in a number
of theoretical works (Gutkin et al., 2000; Sheinerman and Gutkin,
2001; Ovid’ko and Sheinerman, 2004; Liang et al., 2005;
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Gutkin et al., 2011). In particular, the effectiveness of straight edge
(Gutkin et al., 2000; Liang et al., 2005; Raychaudhuri and Yu, 2006)
and screw (Wang et al., 2010) dislocations, wedge disclinations
and dislocation walls (Sheinerman and Gutkin, 2001), and pris-
matic dislocation loops (Ovid’ko and Sheinerman, 2004; Liang
et al., 2005; Raychaudhuri and Yu, 2006; Aifantis et al., 2007;
Gutkin et al., 2011) as misﬁt defects has been discussed in detail.
The experimental evidence of misﬁt dislocation loops has been
demonstrated recently in core–shell GaP–GaN (Lin et al., 2003)
and Ge–Si (Goldthorpe et al., 2008) nanowires.
The mechanical behavior of externally loaded core–shell nano-
wires has also been in the focus of current research. The ab initio
study of the uniaxial strain effect on the electronic properties
(Sadowski and Ramprasad, 2010), as well as simulation and
numerical studies on buckling behavior (Fu and Zhang, 2010),
Young’s modulus (Chen et al., 2006; Liu et al., 2008; Jing and Meng,
2010) and bending behavior (Zhu, 2008) are examples of recent
works. Continuum theoretical description of plastic deformation
near the interface in axially stretched core–shell nanowires was
developed by Aifantis et al. (2007). At the same time, physical
models of discrete plasticity events need additional studies of elas-
tic ﬁelds and energies of defects (dislocations, disclinations, twins,
etc.) in elastically inhomogeneous core–shell nanowires. Some ﬁrst
steps in this ﬁeld could be made based on works by Luo and Chen
(1991), Qaissaunee and Santare (1995), Jiang et al. (2003), Liu et al.
(2003), Honein et al. (2006), Wang et al. (2007), and Chen et al.
(2011), who solved the problems of edge (Luo and Chen, 1991;
Qaissaunee and Santare, 1995; Chen et al., 2011) and screw (Jiang
et al., 2003; Liu et al., 2003; Honein et al., 2006; Wang et al., 2007)
dislocations in three-phase cylindrical systems composing of core–
shell inﬁnite cylinders embedded to inﬁnite matrices. It is worth
noting that Honein et al. (2006) dealt with multi-layered shells.
With setting the matrix shear modulus equal to zero, these solu-
tions allow to study the elastic dislocation behavior both in the
core (Qaissaunee and Santare, 1995; Liu et al., 2003; Honein
et al., 2006) and shell (Luo and Chen, 1991; Jiang et al., 2003; Wang
et al., 2007; Chen et al., 2011) of a nanowire with free outer sur-
face. In the most of the cases, the cross sections of the core–shell
structures were circular and the core–shell interfaces were per-
fectly bonded, although Qaissaunee and Santare (1995) and Chen
et al. (2011) considered the elliptical cross sections, and Wang
et al. (2007) assumed that the interfaces were imperfect. In the
special case of empty core, when a core–shell nanowire is trans-
formed to a nanotube, the screw dislocation solution can easily
be obtained by the rather transparent technique of image disloca-
tions (Lubarda, 1999; Gutkin and Sheinerman, 2007). Some exam-
ples of application of dislocation solutions for theoretical
description of the mechanisms of nanotube gliding in ceramic
nanocomposites have been given recently by Gutkin and Ovid’ko
(2008a,b, 2009, 2010).
The aforementioned solutions were obtained within the classi-
cal theory of elasticitywhich stopsworkingwhen the core diameter
and/or the shell thickness and/or the dislocation-interface distance
become smaller or of the order of magnitude of a nanometer. In this
case, a non-classical approach is necessary to use for getting reason-
able results. Nowadays, the two non-classical continuum ap-
proaches are commonly used in studying the dislocation behavior
in nanostructures. The ﬁrst one, called the strain-gradient elasticity
approach, is applied to dispense with singularities in dislocation
elastic ﬁelds and for smoothing their jump discontinuities across
the interfaces (Gutkin, 2000; Gutkin et al., 2000a,b; Mikaelyan
et al., 2000; Shodja et al., 2008; Davoudi et al., 2009). The second ap-
proach is based on considering the surface/interface stress effect
within the non-classical surface/interface elasticity (Fang et al.,
2009; Moeini-Ardakani et al., 2011; Shodja et al., 2011). Since thissecond approachwill also be used in the present paper, let us brieﬂy
discuss its basic features.
The framework of the non-classical surface/interface elasticity
is based on a quantity called ‘‘surface free energy’’ which was ﬁrst
proposed by Gibbs (1906). This quantity is deﬁned as the work per
unit area, which is required for breaking atomic bounds and creat-
ing a new surface. This work is stored in solids as the excess free
energy caused by the presence of the surface. Gibbs also mentioned
another important quantity, which is used nowadays in the con-
cept of the surface/interface elasticity. This new quantity, called
‘‘surface stress’’, is deﬁned as the work required to elastically
stretch a pre-existing surface by applying in-plane forces. The rela-
tionship between these two quantities was ﬁrst illustrated by a
concrete elasticity problem by Shuttleworth (1950) as follows:
rab ¼ cdab þ @c
@eab
; ð1Þ
where c is the surface free energy, rab and eab are the surface stress
and strain components, and dab is the Kronecker delta. Since this
formula is derived for the plane stress acting in the surface area,
the stress and strain have only in-plane components, and Greek
indices take values 1 and 2.
The framework for solving problems in the surface/interface
elasticity was formulated by Gurtin and Murdoch (1975, 1978).
Cammarata (1994) illustrated its application to the free surface
and interface phenomena in thin ﬁlms. In recent years, many dif-
ferent classical elasticity problems have been resolved within this
approach. Some of the prominent recent examples have been given
by Sharma et al. (2003), Sharma and Wheeler (2007), and Tian and
Rajapakse (2007).
In order to solve the elasticity problems, one should incorporate
a separate appropriate constitutive equation for the surface/inter-
face, which shows how the surface stress and strain components
are related with each other. Shenoy (2005) showed that following
linear constitutive equation can be used for the surface/interface:
rab ¼ Sabcgecg þ s0ab a; b; c;g ¼ 1;2; ð2Þ
where s0ab is the surface/interface residual stress and Sabcg is the
fourth-order tensor of surface/interface elastic constants. When
the bulk and surface/interface materials are considered as elasti-
cally isotropic media, this tensor contains only two independent
constants, known as surface/interface Lamé constants.
Until now, in considering the elastic dislocation behavior in
core–shell nanowires, they have assumed that the core is centered
with the shell. However, direct experimental observations often
show evident eccentricity in core–shell particles (Zhang et al.,
2009; Behrens, 2011; De Mello Donegá, 2011; Seh et al., 2011)
and sometimes – in core–shell nanowires (Lin et al., 2003), espe-
cially in the case when the shell thickness is of the same order of
magnitude or larger than the core radius. Recently, Pahlevani and
Shodja (2011) have considered the surface and interface effects
on torsion of eccentrically two-phase FCC circular nanorods with
surface/interface elastic properties found from molecular dynamic
simulations.
Due to the important role playing by screw dislocations in
stress relaxation and plastic deformation processes in core–shell
nanowires (see above) as well as in the nanowire growth (Bierman
et al., 2008; Zhu et al., 2008), in the present paper we consider the
elastic behavior of a screw dislocation in an eccentric core–shell
nanowire with taking into account the surface/interface effect.
The paper is organized as follows: In Section 2, the model is de-
scribed and some basic formulas of the surface/interface elasticity
are given. The equations obtained in this section, are solved by the
complex potential function method in Section 3. In order to show
the differences between the classical and non-classical solutions,
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image force on the dislocation are discussed in detail in Sections
4 and 5, respectively. These numerical examples have been evalu-
ated for elastic constants of the InAs–InP and InP–InAs composites
which are typical representatives of core–shell nanowires (Rao and
Govindaraj, 2005; Mohan et al., 2006; Jiang et al., 2007; Nilsson
et al., 2008). In Section 6, we give a summary and conclusions.
2. Model
Consider a core–shell nanowire consisting of two eccentric
cylindrical domains made of different materials. The core–shell
interface is assumed to be perfectly bound and coherent. Let a
screw dislocation be at an arbitrary point z0 inside the shell domain
(Fig. 1). The origin of the cylindrical coordinate system is posi-
tioned at the nanowire axis. The radii of the shell surface and
core–shell interface are denoted by R and r, respectively, and the
core–shell eccentricity by a.
Hereinafter the subscripts/superscriptsX andC are used for the
shell and core domains, respectively, while the subscripts/super-
scripts I and O are used to distinguish the quantities related to
the core–shell interface and the outer free surface of the shell.
Thus, the shell and core shear moduli are lX and lr, while lI, sI
and lO, sO denote the shear modulus and residual stress of the
core–shell interface and the outer free surface, respectively.
Following Sharma et al. (2003), the equilibrium and constitutive
equations for isotropic materials can be written as
rBij;j ¼ 0; ð3Þ
rBij ¼ Cijklekl ¼ ½kdijdkl þ lðdikdjl þ dil djkÞekl ð4Þ
in the bulk region, and
rBabnb
h ih i
þ rSba;b ¼ 0; ð5Þ
rBjininj
h ih i
¼ rSab kab; ð6Þ
rSba ¼ sSdba þ 2ðlS  sSÞeba þ ðkS þ sSÞdbcecc ð7Þ
on the surface/interface. Here rab and eab represent the stress and
strain components, respectively, k and l are the Lamé constants
for the bulk region, kS and lS are the Lamé constants for the isotro-
pic surface/interface, B and S denote the bulk and the surface/inter-
face, respectively, na is the component of the normal to the surface/Fig. 1. A screw dislocation inside a core–shell nanowire.interface, kab is the curvature tensor of the surface/interface, and dij
is the Kronecker delta. Note that the symbol [[X]] denotes the jump
in the value of the hypothetical quantity ‘‘X ’’ across the interface.
According to Sharma et al. (2003), only certain stress compo-
nents appear in Eqs. (5)–(7). Since the surface/interface is planar
in its nature, the stress and strain components, which are normal
to it, are excluded from these equations. As a result, the Greek indi-
ces take 1 and 2, while the Latin indices take 1–3.
In the anti-plane problem of a screw dislocation, incorporating
the (n, t, x3) coordinate system, where n and t are the unit normal
and tangent to the surface/interface, and the x3-axis is perpendic-
ular to the (n, t) plane, Eqs. (5) and (6) can be combined to obtain
the following stress jump equations on the interface,
rXn3  rCn3 ¼ 
@rIt3
@t
; ð8Þ
and on the outer free surface,
rXn3 ¼
@rOt3
@t
: ð9Þ
The surface/interface stress components rIt3 and rOt3 ﬁguring in
Eqs. (8) and (9), should be converted to the corresponding stress
components of the abutting bulk regions. From Eq. (7), we have
rSt3 ¼ 2ðlS  sSÞeSt3: ð10Þ
The strain component eSt3 in Eq. (10) should be converted to the
strain components of the adjacent bulk regions. This conversion
can be done by assuming complete coherency and bounding be-
tween the surface/interface and the bulk materials. Under this
assumption, the displacement is continuous across the surface/
interface, which provides the equality
eSt3 ¼ eBt3 ð11Þ
on the surface/interface. Eq. (11) states that the interfacial strain
ﬁguring in Eq. (10), can be substituted for the strain components
of the bulk regions. Hereinafter the surface/interface strain compo-
nent is substituted for that of the shell region. Finally, with Eqs. (8)–
(11), the ﬁnal stress jump equations on the interface and the free
outer surface are written as follows
rXn3  rCn3 ¼ 
lO  sO
lX
@rXt3
@t
; ð12Þ
rXn3 ¼
lI  sI
lX
@rXt3
@t
; ð13Þ
respectively.
In addition to the aforementioned stress jump equations, the
displacement continuity at the coherent interface should be con-
sidered. Thus,
wX ¼ wC ð14Þ
on the inner interface, where w is the anti-plane displacement.
Eqs. (12)–(14) are the governing equations for the problem un-
der consideration. In the next section, these equations are solved
by introducing complex potential functions and using an appropri-
ate conformal mapping function.3. Solution
In order to solve the aforementioned governing equations, the
complexpotential functionmethod isused. FollowingMuskhelishvili
(1953), let us introduce an analytical complex potential function f(z)
for the anti-plane problem in each region, in which case the dis-
placement and stress ﬁelds are given by
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; ð15Þ
r13  ir23 ¼ lf 0ðzÞ; ð16Þ
rn3  irt3 ¼ eialf 0ðzÞ: ð17Þ
Here a denotes the angle between the x1-axis and the surface
normal, and i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
.
The ﬁrst step in using the complex potential function method in
our case is conversion of the eccentric problem to the concentric
problem. This can be done with the following conformal mapping
function from Henrici (1974)
z ¼ xðnÞ ¼ RRnþ D
nDþ R ; ð18Þ
where
D ¼ 1
2a
ðR2 þ a2  r2  lÞ; 0 6 D 6 aþ r;
l ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðRþ r þ aÞðR r þ aÞðR aþ rÞðR a rÞ
p
: ð19Þ
This function is illustrated in Fig. 2. As is seen, it converts two
eccentric circles to two concentric ones. The point z = x1 + ix2 in
the z-plane is converted to a point n = f + ig in the mapped n-plane.
For example, the dislocations position z0 in the z-plane becomes the
point n0 in the n-plane. The entire eccentric core circle C is con-
verted to a concentric circle C of the radius
q ¼ 2Rr
R2 þ r2  a2 þ l : ð20Þ
The shell regionX is converted to an annulus X of the unit outer ra-
dius. In this mapping function, D represents the amount of the
eccentricity and has the dimension of length.
After introducing the conformal mapping function, the follow-
ing complex potential functions can be assumed for each region
in the mapped plane:
fXðnÞ ¼
P1
n¼1
ann
n þ bnnnð Þ þ f ðnÞ; ð21Þ
fCðnÞ ¼
P1
n¼1
cnn
n; ð22Þ
where f⁄(n) is the classical complex potential function for a screwdis-
location located at the point n0 in the mapped plane. Thus, our near-
est purpose is to ﬁnd the coefﬁcients ﬁguring in series of Eqs. (21)
and (22), which would satisfy the governing Eqs. (12)–(14).
As we know from the classical theory of elasticity, the complex
potential function for a screw dislocation located at point z0 readsFig. 2. Mapping geometry.f ðzÞ ¼ bz
2pi
lnðz z0Þ; ð23Þ
where bz is the magnitude of the dislocation Burgers vector. By
substituting Eq. (18) in Eq. (23), this complex function is converted
to that in the mapped plane:
f ðnÞ ¼ bz
2pi
ln½xðnÞ xðn0Þ: ð24Þ
In order to substitute this function in Eq. (21), we expand it in
the Laurent series form as follows:
f ðnÞ ¼ bz
2pi
P1
n¼1
Rn þ ð1ÞnDnnn0
nRnnn0
nn jnj < jn0j; ð25Þ
f ðnÞ ¼ bz
2pi
P1
n¼1
ð1ÞnDn
nRn
nn  n
n
0
n
nn
 
þ ln½n
 
jn0j < jnj < 1: ð26Þ
The ﬁrst and the second expansions will be used in equations deal-
ing with the interface and the outer free surface, respectively. By
inserting them in Eq. (21), we get the following new forms for the
complex potential function in the shell region on the inner
interface,
fXðnÞ ¼
P1
n¼1
Ann
n þ Bnnnð Þ: ð27Þ
with
Bn ¼ bn; An ¼ an þ bz2pi
Rn þ ð1ÞnDnnn0
nRnnn0
ð28Þ
and on the outer free surface,
fXðnÞ ¼
P1
n¼1
ðDnnn þ EnnnÞ þ bz2pi ln½n ð29Þ
with
Dn ¼ an þ bz2pi
ð1ÞnDn
nRn
; En ¼ bn  bz2pi
nn0
n
: ð30Þ
Since constant terms, which are contained in these complex func-
tions, do not contribute to the stress and strain ﬁelds, they are omit-
ted here.
With the complex potential functions for each region on hand,
we can ﬁnd the stress components from Eq. (17) and insert them
in the governing stress jump Eqs. (12) and (13). However, the fol-
lowing two steps should be done before to prepare equations in the
mapped plane. First, the term eia in the z-plane in Eq. (17) should
be obtained in the n-plane. From Tian and Rajapakse (2007), we
have:
e2ia ¼ nx
0ðnÞ
nx0ðnÞ ; e
ia ¼ nx
0ðnÞ
jnx0ðnÞj : ð31Þ
Second, the derivatives with respect to t in Eqs. (12) and (13) should
be taken in the mapped plane as follows:
@
@t
¼ @
@z
@z
@t
þ @
@z
@z
@t
¼ @
@n
@n
@z
@z
@t
þ @
@n
@n
@z
@z
@t
; ð32Þ
@z
@t
¼ ieia; @z
@t
¼ ieia: ð33Þ
With Eqs. (14) and (15), the equation of displacement continu-
ity at the interface is given by
fXðnÞ þ fXðnÞ ¼ fCðnÞ þ fCðnÞ for jnj ¼ q: ð34Þ
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stants cn:
cn ¼ qnðAnqn þ BnqnÞ: ð35Þ
Following Luo and Xiao (2009), we insert Eq. (31) in the stress
equation (17), and put the result in Eqs. (12) and (13). With
Eqs. (32) and (33), the ﬁnal forms of the stress jump equations read
lX½nf 0XðnÞ þ nf 0XðnÞ  lC nf 0CðnÞ þ nf 0CðnÞ
h i
¼ ðlI  sIÞ½n @u
@n
 n @u
@n
 for jnj ¼ q; ð36Þ
lX½nf 0XðnÞ þ nf 0XðnÞ ¼ ðlO  sOÞ n
@u
@n
 n @u
@n
 
for jnj ¼ 1; ð37Þ
where
u ¼ nf
0
XðnÞ  nf 0XðnÞ
jnx0ðnÞj : ð38Þ
Now we can insert the complex potential functions in each of
the above simpliﬁed governing equations and obtain from them
the unknown coefﬁcients of these functions. In doing so, we insert
Eqs. (22), (27), and (29) in Eqs. (36) and (37), and come to the ﬁnal
equations for the unknown coefﬁcients. On the interface, where
n ¼ qeih, we have
P1
n¼1
Fneinh þ Fneinh
¼ 
P1
n¼1n
2ðGneinh þ GneinhÞ
qjx0ðnÞj
þ
P1
n¼1nðGneinh  GneinhÞ
qjx0ðnÞj
q
2
eih
x00ðnÞ
x0ðnÞ  e
ih x00ðnÞ
x0ðnÞ
 ! !
ð39Þ
with
Fn ¼ nðcnlCqn  AnlXqn þ BnlXqnÞ; Gn ¼ Anqn þ Bnqn; ð40Þ
where An and Bn are given by Eq. (28). On the outer free surface,
where n ¼ eih, we have
P1
n¼1
Hneinh þ Hneinh
¼
P1
n¼1n
2ðKneinh þ KneinhÞ
jx0ðnÞj

P1
n¼1nðKneinh  KneinhÞ
jx0ðnÞj
1
2
eih
x00ðnÞ
x0ðnÞ  e
ih x00ðnÞ
x0ðnÞ
 ! !
ð41Þ
with
Hn ¼ nðDnlX þ EnlXÞ; Kn ¼ Dn þ En; ð42Þ
where Dn and En are given by Eq. (30).
Eqs. (39) and (41) can be simpliﬁed through calculating the
terms containing. With account for n = |n|eih, we obtain the follow-
ing equations for the conformal mapping function given by Eq.
(18):
1
jx0ðnÞj ¼
jnj2D2 þ R2 þ jnjRDðeih þ eihÞ
RðR2  D2Þ ; ð43Þ
jnj
2
einh
x00ðnÞ
x0ðnÞ  e
inh x00ðnÞ
x0ðnÞ
 !
¼ RDjnjðe
ih  eihÞ
R2 þ jnj2D2 þ jnjRDðeih þ eihÞ
:
ð44Þ
Insertion of Eqs. (43) and (44) in Eqs. (39) and (41) leads to the fol-
lowing simpliﬁed forms of the ﬁnal governing equations:P1
n¼1
Fneinh þ Fneinh
¼  P1
i¼1
n2ðGneinh þ GneinhÞ
 
R2 þ q2D2 þ qRDðeih þ eihÞ
h i
þ P1
i¼1
nðGneinh  GneinhÞ
 
RDqðeih  eihÞ	 

 1
RðR2  D2Þq ðl
I  sIÞ; ð45Þ
P1
n¼1
Hneinh þ Hneinh
¼ f P1
i¼1
n2ðKneinh þKneinhÞ
 
R2 þD2 þRDðeih þ eihÞ
h i
 P1
i¼1
nðKneinh KneinhÞ
 
RDðeih  eihÞ	 
g 1
RðR2 D2Þ ðl
O  sOÞ
ð46Þ
With these equations, now we should ﬁnd the unknown coefﬁ-
cients of Eqs. (21) and (22) and form the complex potential func-
tion for each region. To this end, the coefﬁcients in Eqs. (45) and
(46) should ﬁrst be converted to an and bn by using Eqs. (28),
(30), (35), (40), and (42). Equating simultaneously the coefﬁcients
at einh on both sides of Eqs. (45) and (46), we obtain enough equa-
tions to ﬁnd an and bn. Upon ﬁnding these coefﬁcients, the complex
potential function of the shell region can be formed by Eq. (21). In
order to ﬁnd the complex potential function of the core region, we
ﬁrst use Eqs. (28) and (35) to obtain the coefﬁcient cn and then sub-
stitute it in Eq. (22). Depending on the accuracy needed, this pro-
cess can be done with higher order terms of the series in Eqs.
(45) and (46). Usually the accuracy should be increased in propor-
tion to growing eccentricity or to approaching the dislocation to
the surface/interface.
The special case of a = 0 and lC = 0 corresponds to the problem
of a screw dislocation in the wall of a hollow nanotube. With
lX = l, lI = lO = lS, sI = sO = sS and Imz0 = 0, we come to the
formulas
an ¼ R
2bz
2pi
zn0
n
l R
lSsS  n
 
z2n0 ð l rlSsS þ nÞ  r2nð l rlSsS  nÞ
h i
r2n l rlSsS  n
 
l R
lSsS  n
 
 R2n l rlSsS þ n
 
l R
lSsS  n
 
8<
:
9=
;;
ð47Þ
bn ¼ R
2bz
2pi
zn0
n r
2n l r
lSsS  n
 
R2nð l RlSsS þ nÞ  z2n0 ð l RlSsS  nÞ
h i
r2n l rlSsS  n
 
l R
lSsS  n
 
 R2n l rlSsS þ n
 
l R
lSsS  n
 
8<
:
9=
;
ð48Þ
which coincide with those obtained by Shodja et al. (2011).
Note that the shearmoduli of the interface and the outer surface,
lI and lO, are only present in the non-classical solution. In the spe-
cial case of lI = lO = 0, the results from classical elasticity can be ob-
tained. It is worth also noting that increasing the shell radius R leads
to decreasing of the terms on the right hand side of both the equa-
tions, which means that our results converge to those of the classic
theory of elasticity. This fact is known as size-dependency and will
be discussed in the later numerical examples.
4. Stress analysis
With the complex potential functions of the core and shell
regions on hand, the dislocation stress ﬁeld is obtained from
Eqs. (16) and (17). Our general purpose in the upcoming numerical
examples is to show the difference between the solutions found
within the classical theory of elasticity and the present approach
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numerical calculations, the material characteristics have been ta-
ken for InAs (as the core with lC = 19 GPa) and InP (as the shell
with lX = 22.3 GPa). For the surface/interface shear modulus, lI =
lO = 6 N/m has been assumed. The geometric characteristics in this
section are R = 4 nm, r = 1 nm, and the eccentricity a between the
core and shell centers is 2 nm. A screw dislocation with the Burgers
vector bz = 0.25 nm is positioned at an arbitrary point z0 ¼
3:25 expðip=6Þ ¼ 2:81þ i1:62 (in nanometers), in such a way that
its distances to the outer free surface and the inner interface are
0.75 and 0.82 nm, respectively. The stress values are given in units
of l=10 with l ¼ ðlX þ lCÞ=2 being the average shear modulus.
In Fig. 3, both the classical and non-classical solutions for the
anti-plane shear stress components rn3 and rt3 acting in the upper
half of the outer free surface are shown. As is needed in the classi-
cal elasticity, rn3 vanishes on the outer free surface. The surface/Fig. 3. The anti-plane shear stress components rn3 and rt3 acting on the upper half
of the outer free surface (jx1j 6 4 nm; x2 P 0), versus the x1-coordinate of a point on
the surface.
Fig. 4. The anti-plane shear stress components (a) rn3 and (b) rt3 acting on the
upper half of the core–shell interface (1 6 x1 6 3; x2 P 0), versus the x1-coordinate
of a point on the interface.
Fig. 5. The anti-plane shear stress components rn3 and rt3 acting in the shell region
on the paths (a) z ¼ 3:0eih nm and (b) z = 3.5eih nm, versus the azimuthal angle h.interface effect is that rn3 reaches two high values of ±0.14
( ±0.3 GPa) around the dislocation position and decreases monot-
onously thereafter. Curves of rt3 show that the difference between
the classical and non-classical solutions is greater near the disloca-
tion and reaches a value about of 20% at x1 = 3.5 nm.
In Fig. 4(a), a similar comparison is done for the rn3 component
on the upper half of the inner interface. As is needed in the classical
elasticity, the classical solution for rn3 is continuous across the
interface. In contrast, the non-classical solution for rn3 suffers a
great jump discontinuity at the interface. This jump discontinuity
reaches extremal values about of 73% and 79% in the points
x1 = 2.75 nm and x1 = 2 nm, respectively.
For the rt3 component acting on the upper half of the interface,
the difference between the classical and non-classical solutions is
illustrated by Fig. 4(b) and especially noticeable in the points cor-
responding to the dislocation position. One can see that the differ-
ence reaches the value about of 20% near the point x1 = 2.4 nm.
Let us now consider the stress distribution inside the shell area,
out of the free outer surface and inner interface. Fig. 5 shows the
rn3 and rt3 components on the circles with radii 3 and 3.5 nm,
which go along the outer free surface. As is seen, the difference be-
tween the classical and non-classical solutions is so small that one
can say that these solutions practically coincide in this case.
Although here the circles pass at the very close distance of
0.25 nm near the dislocation, the difference between the classical
and non-classical solutions is not considerable even in this area.
5. Image force on dislocation
The image force acting on the dislocation is an important quan-
tity characterizing the dislocation behavior in a core–shell nano-
wire. Following Peach and Koehler (1950), the image force
components fx and fy along the x1 ð xÞ x2 and (y) axes, respec-
tively, are given by
fx  ify ¼ ibz½rX13 ðz0Þ  irX23 ðz0Þ; ð49Þ
where rXk3 is the perturbation stress in the shell region. With Eq.
(16), this deﬁnition can be simpliﬁed as follows f⁄(z)
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Here FX(z) = fX(z)  f⁄(z), and is determined by Eq. (23).
Hereinafter we use the normalized image force components
which read
~f x ¼ 2pR
lXb
2
z
fx; ð51Þ
~f y ¼ 2pR
lXb
2
z
fy: ð52Þ
The normalized resultant image force is then given by
~f R ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~f 2x þ ~f 2y
q
: ð53Þ
The purpose of the upcoming numerical examples is mostly to
show the difference between the classical and non-classical image
forces on the dislocation. We will consider two exemplary core–
shell nanowires: InAs–InP with lC = 19 GPa and lX = 22.3 GPa re-
ferred as Comp. 1, and InP–InAs with lC = 22.3 GPa and lC = 19
GPa referred as Comp. 2. The surface/interface shear moduli
lS = ±6 N/m will be used in calculations.
5.1. Effect of the dislocation position along the x1-axis
Let us ﬁrst consider the variation of the image force given by
both the classical and non-classical solutions, in dependence of
the dislocation position along the x1-axis when Imz0 ¼ 0 R = 4.
Here, the shell and core radii are nm and r = 1 nm, and the core–
shell eccentricity is a = 2 nm. Figs. 6(a) and (b) show the image
force on the dislocation for Comps. 1 and 2, respectively, with
lI = lO = ±6 N/m.
As follows from the classic solution, the dislocation is attracted
to both the free outer surface and the soft core interface, see
Fig. 6(a). This attraction force becomes stronger when the disloca-Fig. 6. Dependence of the image force on the dislocation position at the x1-axis for
(a) Comp. 1 and (b) Comp. 2.tion approaches the surface/interface. As a result, there are two
unstable equilibrium positions for the dislocation, one at
z0  0.4 nm and other at z0  3 nm, just near the core/shell inter-
face. When the core is harder than the shell, the dislocation is re-
pelled by the core and has no equilibrium positions in the case
under consideration, see Fig. 6(b). The attracting and repelling
forces tend to inﬁnity when the dislocation approaches the shell
boundaries.
Within the non-classical approach, the surface/interface causes
different effects on the image force depending on positive or neg-
ative values of the surface/interface shear moduli. It is seen from
Fig. 6 that the surface/interface with positive (negative) lS adds
an extra repelling (attracting) force to the image force obtained
within the classical elasticity. This additional force becomes stron-
ger when the dislocation approaches the shell boundaries and ﬁ-
nally tends to inﬁnity when it reaches either the free surface or
inner interface. Due to the core–shell eccentricity, the shell be-
comes very thin in our example in the region of 3 6 x1 6 4 nm.
The interplay between the non-classical surface and interface ef-
fects provides rather complicated behavior of the image force
there.
In the non-classical solution for the case of a softer core
[Fig. 6(a)], the unstable equilibrium point at z0  0.4 nm is re-
served for lI = lO = 6 N/m, however it vanishes for lI = lO = 6 N/
m. The second equilibrium point at z0  3 nm vanishes, too. In
the case of a harder core [Fig. 6(b)], only the non-classical solution
corresponding to lI = lO = 6 N/m shows the unstable equilibrium
position at z0  0.4 nm. It is worth noting that the non-classical
solution shows two more equilibrium positions (one stable and
one unstable) for lI = lO = 6 N/m just near the free surface. But,
since these positions are unrealistically close to the surface, they
are not of any practical importance.
Note that in the areas where the curves corresponding to the
negative lS are not presented, the image force is highly unstable.
The reason of this fact can be interpreted from examining the total
strain energy of the system, as follows.
According to Shenoy (2005), the total strain energy of a system
(U) is comprised of the strain energy of the bulk and surface/inter-
face areas:
U ¼
ZZZ
v
1
2lB
ðr2xz þ r2yzÞdv þ
I
I;O
1
2lS
ðr2xz þ r2yzÞds: ð54Þ
The ﬁrst integral yields the strain energy stored in the bulk region
and is always positive, due to the positive value of the bulk shear
modulus (lB > 0). The second integral gives the strain energy stored
in the surface/interface. Since the shear modulus of the surface/
interface can be negative (lS 6 0), the second integral can be nega-
tive, too. When the size of the nanowire is sufﬁciently small (i.e.,
R = 4 nm in this example), by approaching the dislocation to the
surface/interface with negative shear modulus, the second integral
becomes larger in magnitude and may result in negative total strain
energy. Under this circumstance, as the positive deﬁniteness of the
total energy of the system is violated, the outcome stops being stea-
dy and this non-classical approach stops giving tenable results. This
limitation has also been reported recently by Wei et al. (2006), Tian
and Rajapakse (2007), and Luo and Wang (2009). In our case (see
Fig. 6), the areas of such instability are localized in the layers of
thickness 0.5–0.7 nm from both the free surface and inner interface,
while farer from these boundaries, the non-classical results are
reasonable.5.2. Effect of the eccentricity
Let us now ﬁx the dislocation in a point on the x1-axis and
consider the variation of the image force in dependence of the
Fig. 7. Dependence of the image force on the eccentricity for (a) Comp. 1 and (b)
Comp. 2.
Fig. 8. Dependence of the image force on the angular position of the dislocation for
(a) Comp. 1 and (b) Comp. 2.
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z0 = 3 nm, and the eccentricity being changed from 2 to 2.5 nm
in (a) soft-core Comp. 1 and (b) hard-core Comp. 2. In these calcu-
lations, the surface/interface shear moduli lI = ±lO = ±6 N/m and
lI = lO = ±6 N/m have been assumed.
As follows from the classical solution, the dislocation is at-
tracted to the free outer surface. This centrifugal force is combined
with an additional attracting (repelling) force caused by the soft
(hard) core. The additional force effect is noticeable when the dis-
tance between the core/shell interface and the dislocation becomes
smaller than 1 nm, and it is rather strong in the interval 2 nm <
a < 1:5 nm. Thus, the long-range elastic interaction of the dislo-
cation and the core is very weak because it is effectively screened
by the shell free surface, while their short-range elastic interaction
is rather strong.
In considering the non-classical surface/interface effect, one can
obtain quite different results depending on the values of parame-
ters lI, lO and a. Let us ﬁrst consider the case when the core is
not too close to the dislocation (a >  1.5 nm that is the disloca-
tion-interface distance is larger than 0.5 nm). As is seen from
Fig. 7, in this case the outer free surface and inner interface with
positive (negative) shear moduli create an extra force which de-
creases (increases) the attraction of the dislocation to the free sur-
face. It is convenient to separately discuss two regions of the
ﬁgures, which are relevant for the situations when the core is
placed either relatively far from the dislocation ð0:5 nm 6 a 6
2:5 nmÞ or relatively close to it ð1:5 nm < a < 0:5 nmÞ.
In the ﬁrst region, the effect of the inner interface on the image
force is negligible due to the relatively long distance between the
dislocation and the interface. Indeed, the results for lI = ±lO =±6 N/m coincide in this region, and the results for lI = ±lO =
6 N/m coincide there as well. Therefore, the only reason of the
difference between the classical and non-classical results in this re-
gion is the outer surface effect which decreases (increases) the dis-
location attraction to the outer surface when this surface has a
positive (negative) shear modulus.
In the second region, the core effect is more evident. The curves
for lI = ±lO = ±6 N/m deviate from each other with decreasing a,
and the curves for lI = ±lO = ±6 N/m do the same, which means
that the inner interface effect gradually increases. The inner inter-
face with positive (negative) shear modulus gives some increment
(decrement) to the dislocation attraction to the outer surface.
In the case when the core is very close to the dislocation
ð2 nm < a < 1:5 nmÞ, the non-classical solution for lI = lO =
6 N/m gives unstable and physically unreal results, as in Section
5.2.5.3. Effect of the angular position of the dislocation
Let now the dislocation be moved on a circular path z0 = 3eih nm
along the outer surface of the nanowire which is characterized by
the following geometry: R = 4 nm, r = 1 nm and a = 1 nm. The resul-
tant image force issued from both the classical and non-classical
solutions is plotted in Fig. 8 for (a) soft-core Comp. 1 and (b)
hard-core Comp. 2 with the surface/interface shear moduli lI = ±-
lO = ±6 N/m and lI = lO = ±6 N/m. In order to prevent any insta-
bility caused by using the negative surface/interface shear
moduli, the distance between the dislocation and the surface/inter-
face is always kept 	1 nm.
As is seen from Fig. 8, the difference between the classical and
non-classical solutions for the total resultant image force is rather
Fig. 9. Dependence of the image force on the radius of the nanowire with Comp. 1
for the geometric parameters r = R/4, a = R/4 and z0 = 3R/4.
H. Ahmadzadeh-Bakhshayesh et al. / International Journal of Solids and Structures 49 (2012) 1665–1675 1673signiﬁcant. Depending on the dislocation position, this difference
noticeably changes in the ranges from 40% and 53% near the point
h = 180 to 47% and 55% near the point h = 0 in Comp. 1 and Comp.
2, respectively. Moreover, the non-classical solution leads to larger
variation in the image force due to the change of the angular posi-
tion of the dislocation than the classical solution.5.4. Size effect
The last question to reply in our study is under which circum-
stances the non-classical surface/interface effect should be taken
into account in considering the dislocation elastic behavior in
eccentric core–shell nanowires. Imagine a core–shell nanowire of
outer radius R, core radius r = R/4, and eccentricity a = R/4, which
contains a screw dislocation located at the point z0 = 3R/4. In the
exemplary case we take the bulk shear moduli of Comp. 1 and
the surface/interface shear moduli lI = ±lO = ±6 N/m and
lI = lO = ±6 N/m. Fig. 9 illustrate the variation of the image forces
given by the classical and non-classical solutions, with the outer
radius R. It is clear from the ﬁgure that, ﬁrst, the classical solution
remains constant for any R, while the non-classical solutions sub-
stantially depends on R, and, second, the difference between the
classical and non-classical solutions increases (decreases) with
decreasing (increasing) R. For example, the decrease of R from
18 nm to 4 nm results in the difference increase approximately
from 9% to 47%.
Thus, the non-classical surface/interface effect becomes consid-
erable in thinnest dislocated core–shell nanowires with outer ra-
dius being in the range from several nanometers to tens of
nanometers. In thicker core–shell nanowires, it is reasonable to
take this effect into account if the dislocation is placed in close
(nanometric) vicinity from either the outer free surface or inner
interface. Otherwise, the non-classical surface/interface effect can
be neglected.6. Summary and conclusions
The boundary-value problems for a screw dislocation posi-
tioned in the shell domain of an eccentric core–shell nanowire
has been solved within the surface/interface elasticity approach
by means of the complex potential function method in combina-
tion with a suitable conformal mapping function. The dislocation
stress ﬁeld and the image force acting on the dislocation have been
examined numerically in detail with special attention to the differ-
ences between the classical and non-classical approaches.For the stress ﬁeld, these differences are signiﬁcant near the
outer free surface and the inner core–shell interface, especially in
the region around the dislocation line. Among the speciﬁc charac-
teristics of the non-classical solution are the existence of the rn3
stress component on the outer free surface and the discontinuity
of this stress component across the inner interface, which are
impossible within the classical elasticity. At the same time, the
stress ﬁelds obtained within the classical and non-classical ap-
proaches coincide well in the bulk areas of the nanowire.
Comparison of the classical and non-classical solutions for the
image force demonstrates that a surface/interface with a positive
(negative) shear modulus causes an extra repelling (attracting)
non-classical image force on a dislocation. This additional image
force becomes more considerable when the dislocation approaches
the surface/interface. In particular, this concerns the equilibrium
positions of the dislocation, which can either exist or not depend-
ing on values of the system parameters.
If the dislocation very closely approaches the surface/interface
with negative shear modulus, the non-classical solution becomes
highly unstable. In this case, the total strain energy of the system
becomes negative and therefore the validity of non-classical ap-
proach is violated. Thus, the present version of the surface/inter-
face elasticity does not allow one to describe the dislocation
behavior in a close vicinity (around of 0.5–0.7 nm) of surfaces/
interfaces with negative shear moduli.
In conclusion, the non-classical effect of a surface/interface on a
dislocation is rather strong but short-range, with nanometric dis-
tance of action. This effect can be considerable in thinnest core–
shell nanowires whose outer radius varies in the range from sev-
eral nanometers to tens of nanometers. If dislocations occur in
thicker core–shell nanowires, the non-classical surface/interface
effect must be taken into account when the dislocations are placed
in nanometric vicinity from the surfaces/interfaces.Acknowledgments
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